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(i) 
ABSTRACT 
A number of problems describing oscillations of a fluid 
in regions defined by arbitrary boundaries is examined in this 
thesis. The arbitrary boundaries are subjecrt to linear theory 
as a first restriction. In one-dimensional flow problems the 
boundary is required to be such that transverse oscillations are 
negligible3 but with two-dimensional flow no further* restriction 
is required. The treatment is twofold in that it firstly attempts 
to incorporate general boundary shapes so that the mathematics is 
tractable and secondly devises faster numerical techniques for 
the analysis of the fluid oscillations under different conditions. 
In particular the mathematical preliminaries of chapter 
2 introduce the Galerkin method from the calculus of variations 
and indicate its use to a one-dimensional flow problem of free 
oscillations. The following three chapters adapt and extend this 
method to treat (i) free oscillations in a region where two-
dimensional flow is considered^ (ii) forced oscillations in 
estuaries^ and (Hi) internal oscillations in a two-layered fluid. 
For each of these categories the boundary shape of the region is 
arbitrary except for the restrictions mentioned above. 
( U ) 
By virtue of this use of the Galerkin method^ or 
otherwise^ it is then shown in chapter 6 how the dynamic response 
to wind stress of a fluid in arr elongated basin^ hut with 
variable shape^ may he analysed. In earlier approaches the hasin 
shape was crudely approximated hy a rectangular box. 
The remainder of the thesis makes a determined study 
of Continental shelf profiles and their effect on standing waves 
normal to the coast line on a rotating earth. It demonstrates 
the infancy of the shelf models used to date and puts forward 
an extended selection of models which may be used in a piecewise 
matching of the actual profile. 
( i l l ) 
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U INTRODUCTION 
General Considerations 
In order to solve the equations of physical 
oceanography it is often necessary to impose severe restrictions 
on the shape of the boundaries. Thus there appear articles in 
the literature like "in a rectangular ocean of uniform depth" 
or "a triangular ocean" or "a profile of constant slope on the 
Continental shelf". In the first instance, such shape modelling 
is a step in the direction for the understanding? of a larger 
problem. First models often lead to better models and so 
develop the understanding. The alternative to this process is 
to solve the equations on a computer by numerical procedures 
such as the finite difference technique. It so happens that 
many of the problems involve solving equations throughout a 
volume and then relaxation techniques are probably required. 
For large volumes, like the oceans, with peculiarly shaped 
boundaries, such a process may very well be beyond the capacity 
of a modern computer. It is then necessary to evolve faster 
numerical techniques and/or introduce judicious modelling. 
Fith these points in view, this thesis has 
scanned a number of problems in fluid oscillations and attempted 
to incorporate general boundary shanes and devise faster 
3 0009 02987 9199 
nimerical techniques for their solution. This vjill allow for 
the choice of a better shape for a model in a practical situation. 
For example, the problem of the free 
oscillations of a fluid in an elongated basin has been solved 
by Chrystal (1906) for a number of regularly shaped depth 
profiles, while Defant (1918) solved this problem for variable 
shaped basins using a finite difference technique. This latter 
method is reported in Pefant (1960). Hence it could be argued 
that the problem has been solved ̂ Tithin the limits of linear 
theory. On examining the above solutions it if found that 
Chrystal's approach, being a modelling one, is inadequate for 
many basin shapes, while Defant's method renuires a considerable 
computing effort since it is a boundary value problem. Thus 
there exists room for improvement. An improvement xv̂ s given 
by Clarke (1968) where he applied the Galerkin method from the 
calculus of variations (Kantorovicb and Krylov, 1958). The 
method, which is a specially fast one for solving boundary 
value problems, is briefly outlined in chapter 2, It has been 
extensively applied to problems in elasticity, (Muskhelishvili, 
1963), and comes into the category of an approximate method 
of solution where the computing effort is considerably reduced. 
In the chapters 3, 4, and 5 the Galerkin method will be adapted 
and extended as necessary to treat some other fluid flow 
problems. 
Within the chapters 3 and 4 it will be seen 
that analytic solutions may be found in special (non-trivial) 
cases without recourse to the Galerkin method. These applications 
are not necessarily exact solutions to the physical problem. 
They strictly involve idealised boundary conditions, as do most 
of the "analytic" solutions of physical oceanography. 
There are also tTio chapters in this thesis 
(6 and 7) which attempt to improve the shape modelling for 
problems involving wind stress, and oscillations on the Continental 
shelf. A perusal through the recent literature certainly 
indicates a lack of advance in this direction. Rectangular 
basins are treated by Keulegan (1959), and Feaps and Pamsbottom 
(1966), exponential profiles by Rail (1967), Bucbwald and Adams 
(1968), and Abbot (1960), while the profile used by Reid (1958) 
has constant slope to infinity. This is not an implied criticism 
of these models, rather it is to point out that many solutions 
of problems start on the most simple models and, in many 
problems, the simple model is the only stage reached to date. 
It is believed that the application of the Galerkin method to 
fluid problfims allows more sophisticated shape modelling, and 
chapter 6 of this thesis establishes the point. Modelling on 
a large scale is difficult and as will be seen in chapter 7 
the usual profiles chosen for the Continental shelf may very 
well lead in practical situations to solutions \^ose accuracies 
are at best Qualitative, 
1.2 Background to the Thesis 
The background of each of the chapters of 
this thesis will now discussed. 
The mathematical preliminaries are given in 
chapter 2 and they include a section on the Galerkin method and 
its application to the one-dimensional flow problem. Seiche 
motions, i.e., free oscillations of a fluid in an elongated 
basin,have been treated by a number of authors, details of 
some of the earlier methods appear in Defant (196^). An 
application of finite difference techniques, extending the 
earlier work of Defant (1918), is given by Faichlen (1965). 
In this work Taichlen formulates his numerical procedure to 
give the solutions for different harmonics simultaneously, and 
this increases the overall computing time compared with Defant's 
approach, but then takes less time for several harmonics vjhen 
compared with the repetitions renuired vTith Defant's method. 
Model studies of oscillations for one-
dimensional flox̂T are generally considered to be costly but 
are still extensively used. Examples of model studies are 
given by Blesel (1955), Eottomley (1956), and Cavanilles (1957)» 
The oscillations of fluid in specially 
'shaped basins for one-dimensional flow have been summarized 
by Lamb (1932), and since then a number of examples were treated 
by Hldaka (1932c, 1934), who also applied this theory to the 
Bay of Osaka (1^32a) and Ijoch Earn and Loch Treig (1932b). 
Seiche motions for two-dimensional flow are 
examined in chapter 3 where the Galerkin method is extended 
to treat basins of rep;ular plan-form and variable depth, A 
number of different slopes are considered for the depth profile 
and the results are compared Td.th one-dimensional flow theory. 
The usual numerical procedure for analyzing 
the two-dimensional flow oscillations in a basin are based on 
finite difference techniques and relaxation methods. An example 
of such an application to an actual harbour is given by Loomls 
(1966). In this work the boundaries of the harbour were 
approximated by a sequence of straight lines for simplicity of 
treatment. The harbour was then represented by 32 grid points 
some being outside the harbour, and perfect reflection was 
assumed at the boundaries. The finite difference technique 
then leads to finding the eigen-values of a matrix of order 32. 
The tTfo-dimensional floT̂  problem is examined 
in specially shaped basins by Proudman (1925)5 Hidaka (1932d, 
1933, 1937), and Arakawa (1933). An electronic analogue 
computer model was used by Ishiguro and Fujiki (1955). The 
effects of incident waves on regular shaped basins has been 
considered by Kravtchenko and McFown (1955), Apte and Marcou 
(1955), Le Mahaute (1955), and Ippen and Goda (1963). Non-
linear effects of incident waves were discussed by Gaillard 
(1960). 
Conformal mapping was used by Reid and 
Vastano (1965) to examine long waves near islands of irregular 
shape. The island contour is supposed given by r = r(e) and 
is mapped into a unit circle. The mapping is carried out by 
an iterative procedure similar to the method in Warschawski 
(1945). In the thesis by Clarke (1965) a variational method 
was used for mapping regions into a unit circle. A combination 
of Galerkin's method for two-dimensional flow with this mapping 
procedure would enable solutions to modes of oscillation of 
Ion?? waves near such islands to be computed. 
For the forced oscillations in estuaries, 
^̂ Thich are treated in chapter 4, the Galerkin method has heen 
adapted to suit specified boundary conditions and so examine 
variable shaped estuaries. One of the early treatments of 
estuary floT-r was given by Proudjnan (1925) who considered the 
flow in a channel of parabolic cross-section on a rotating 
earth. Fidaka (1939) considered horizontal oscillations in 
the Bay of Osaka induced by tidal currents. Rotation of the 
earth was included but the Bay was approximated by a rectangular 
system of uniform depth. The oscillations of tide in an estuary 
of uniform cross-section while allowing for non-linear flow 
was discussed by ^roudman (1957). An exponential shaped estuary 
was examined on a rotatinpr earth by Abbot (I960). For the 
variable shaped estuary a finite difference procedure was given 
by Grace (1936) and applied to the tides of the Bristol Channel, 
Chapter 5 reduces the equation for a two-
layered variable shaped basin into a form suitable for application 
of the Galerkin method. Following Chrystal's treatment of the 
surface seiche, Wedderburn (1911) reduced the equations of a 
two-layered basin into a similar form as Chrystal, enabling 
Chrystal's solutions to be adapted. Mortimer (1952) discusses 
water movements in lakes during sijmmer stratification and an 
Appendix by Longuet-Hippins summarizes the theory for a three-
layered basin of uniform shape. 
Vind stress over a variable shaped lake is 
examined in chapter 6. Initially bottom friction is neglected 
and the form of Td.nd stress is chosen to make the terms in the 
enuation of motion compatible. This renuires the expressing of 
the horizontal transport in terms of the transport for free 
oscillations. A peneralized Fourier series expansion allovs a 
general wind stress to be considered. It is then shown how to 
include a form of bottom friction. 
Pottom friction effects on wind tides have 
been studied in the laboratory by Sibul and Johnson (1957), ̂ ĥile 
observations of the rate of decay of standing waves in rectangular 
basins were made by Keulegan (1959). The problems of determining 
td.nd stress over inland reservoirs subject to sheltered surroundings 
are considered by Saville, McClendon, and Cochran Find 
stress has been considered with bottom friction for a rectangular 
shaped basin of uniform depth by Proudman and Doodson (1<̂ 24) 
and this p:roblem has been further examined for a t̂ ro-layered 
o 
lake of similar shape by Heaps and Famsbottom (1966). 
Chapter 7 considers the difficulties of 
examining standing waves on the Continental shelf. Following 
observations of strong 3 minute surges at Jervis Bay, while 
some 60 miles un the coast at Port Kembla harbour shipping 
left the harbour after strong surges (Clarke, Keane, and 
O'Falloran, 1968), the occurrence of storm surges on the 
Continental shelf was considered. The emphasis in this chanter 
±8 on the possibility of large amplitude waves at the coast 
line maintained by periodic surges off the shelf. A somewhat 
similar emphasis is discussed by Buchwald and de Szoeke (197n) 
x-yhere they summarize that their vrork probably does not account 
for the 3 minute surging at the coast. In this respect there 
are two articles discussing the maintenance of certain modes 
of oscillation at the coast line by waves in the open ocean. 
They are, firstly, an article by Münk, Snodgrass, and Gilbert 
(1964) and, secondly, an article by Larsen (1969), each of 
which has considered the maintenance of waves at the coast 
line by waves in the open ocean for step topographies on the 
rotating earth. 
The final chapter gives a brief resume of the 
conclusions of the thesis. 
^ MATHEMATICAL PRELIMINARIES 
The basic equations to be used throughout 
this thesis will now be developed. 
2.1 Equations of Motion 
The Navier-Stokes equations for the motion 
of a fluid on the rotating earth may be more generally written 
in terms of the frictional stress tensor as 
du , 3p 3F 
where the origin is chosen in the undisturbed free surface of 
the fluid with Ox eastwards, Oy northwards, and Oz vertically 
upwards. The u^ are the components of velocity of the fluid 
particle, Wj are the components of thr» earth's rotation, F^^ 
are the components of the frictional stress tensor, X^ are the 
1)ody forces per unit mass, p is the pressure at a point within 
the fluid, p is the density of the fluid, and is the 
alternating tensor. The X^ consist of the apparent gravity 
force, which is the usual gravitational force modified by the 
Goriolis force, and the external body forces like the attraction 
of the sun and moon. Throughout the treatment herein the 
external body forces are taken as zero. Thus the components 
of X^ are given by 
X^ = (0,0,-g), (2.2) 
where g is the apparent acceleration due to gravity. 
If the earth has an angular velocity of 
about its axis then is given by 
coj = (0, Slsine, Qcose), (2.3) 
where 6 is the co-latitude angle. 
Let the components of u^ be given by 
u^ = (u, v, w), (2,4) 
and, since long wave theory only will be applied, assume 
w < < u, V (2.5) 
i.e., vertical accelerations are negligible. 
Then the second term on the left side of (2.1) has components 
(-2 Q V cos e, 2 ii u cos 9, -2 fi u sin 6). 
The third component is negligible compared with g in (2.2). 
Defining f, the Coriolis parameter, as 
f = 2 cos e, (2.6) 
then 
2 ê jĵ  ̂ j \ " 
The frictional stress will be used to 
examine the dynamic response of an elongated lake to wind 
stress and, as such, the only component required will be 
F . Then the third component equation of (2.1), with (2.2), zx 
(2.5), and (2.7), reduces to 
" p ax 
i.e., p = p^ -f Pg(C-z), (2.8) 
where p^ is the atmospheric pressure, assumed constant, and 
C is the wave height. 
Besides (2.5), assume that wave heights 
are small, i.e., 
C < < h, (2.9) 
where h is the depth, and that velocities are small, so that 
du. 9u. 
For the applications required herein and 
under the previously stated assumptions the other component 
equations of (2.1) have the following forms. The two dimensional 
flow equations of motion on a rotating earth, neglecting friction 
stresses, are 
1 3£ 
and 
. ^ . 1 iP 
V + fu , 
p 
which, on substituting for p from (2.8), become 
and 
Ù - fv = - g 
V -f fu = g 
Ì1 
8x ' 
9y • 
When the rotation of the earth is neglected eqs. (2.11) 
become 
and 
" ° - « 3X ' 
3C 
^ = - 8 3y • 
The one-dimensional flow equation of motion, neglecting the 
rotation of the earth, is 
, 3p 9F 
which, on substituting for p from (2.8) becomes 
1 ^^zx 
Where the frictional stresses are omitted the equation of 
motion (2.13) becomes 
Ù = - g ÌL 3x 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
2.2 Equation of Continuity 
For the motion of an 
incompressible fluid the equation of continuity is 
3u. 
ax 0, 
which, from (2.4) is 
i!i J- 4. lii. n 
3y az ' 
For long waves satisfying (2.12) the horizontal velocities 
are Independent of z. Integration of (2.15) with respect to 
z, under the assumption (2.9), then gives 
(2.15) 
-h 
iii 
ax 
dz + ^ d z + 
-h 
aw 
az 
dz = 0, 
i.e. 
ax 
u dz - [u] 
dh ^ d 
fO 
- h z=-h 
ax ay 
V dz - [v] 
-h z=-h 
+ ^ - [w] = 0 . 
z=-h 
Since there is no flow through the bottom 
(2.16) 
[w] 
z«-h 
ah 
[u] 
ah 
[v] 
z=-h ' z=-h 
and hence (2.16) reduces to 
l ^ h u ) + l^^hv) = -a. (2.17) 
When frictional stresses are present it is no longer possible 
to take the horizontal velocities independent of z and then 
eq.(2.16) becomes 
+ l^(hv^) . -c . 
where u and v are mean velocities over a vertical column 
m m 
i.e. 
and 
^m h 
V = 7-
m h 
u dz , 
-h 
ro 
V dz . 
-h 
For one-dimensional flow along the main 
axis (the x-axis) in an elongated basin it is convenient to 
consider continuity over a, transverse section. Let the 
transverse section have an area of cross-section A(x) and a 
breadth at the surface b(x). Integration of the continuity 
equat^.Qn for long waves (2.17) with respect to y gives, 
affer siinilar reasoning as used to form that equation, 
{A(x) u} = -e b(x). 
3x 
When ffictional stresses are present u will vary throughout 
the section and the continuity equation will be 
I^A(x) u^} - -C b(x). 
(2.18) 
(2.19) 
(2.20) 
(2.21) 
where u is the mean velocity over the section, S , i.e., 
m 
u = 
m A(x) 
u dy dz. (2.22) 
2.3 Combined Equations using Transport Variables 
Let the horizontal displacements of a fluid 
particle in the x and y directions be C and n respectively, 
then 
u = e , 
and V = n 
The long wave equations (2.12) for two-dimensional flow 
neglecting the rotation of the earth become 
II 
C = - 8 
and - 8 K dy • 
(2.23) 
(2.24) 
The corresponding equation of continuity, (2.17), will be 
l^(hl) + l ^ h W = -c, 
wl^ich, when integrated with respect to time, becomes 
l ^ h c ) + l ^ h n ) - -c. 
the constant of integration being taken as zero from initial 
conditions. Defining transport variables, a and 3, by 
(2.25) 
a = hC , 
and 3 = hn , 
and eliminating C from (2.24) and (2.25) gives 
and 
If 
n 
ax 3x 
9 ,3a . g — ( — + 
3y 
93 
VJhen seeking periodic oscillations it is assumed that 
V i(at+e) 
a = a*(x,y)e , 
and 3 = 3*(x,y)e 
i(at+e) 
where a is the frequency of the oscillation, from which eq. 
(2.27) becomes 
3 . 33* 
3x 
•) + 
ay gh 
a' 0 
and 3 . 3 3* a •) + ^ 3* = 0 , 
(2.26) 
(2 .27) 
(2.28) 
(2.29) 
3y^ 3x ' 3y' ' gh 
and these are the long-wave transport equations for two-
dimensional flow, neglecting the rotation of the earth. 
For one-dimensional flow, neglecting frictional 
stresses the equation of continuity is (2 .20) . Defining a 
transport variable for the cross-section , 
a « A(x)C, (2 .30) 
and integrating (2.20) with respect to time, gives 
| | = - ç b ( x ) . (2.31) 
The equation of motion for this problem is (2.14) which 
becomes, on eliminating c using (2.31) and seeking periodic 
oscillations ^s in (2.28), 
Defining the surface area variable, x> ^s 
fX 
b(x')dx' , (2.33) 
o 
, 1 ^ 
8x • M î t 3X ' 
ec[. (2.32) becomes 
.2 . .2 
(2.34) 
where f(x) » A(x) b(x). (2.35) 
Eq, (2,34) ^ep^eseni:s the long-wave transport e q u a t i o n o n e -
dimensional flow, neglecting the rotation of the earth and 
frictional stresses. 
I-Then frictional stresses are included in the 
one-dimensional flow equations the equation of continuity is 
(2 .21) and the equation of motion is ( 2 .13 ) . Integration of 
(2 .13) over a transverse cross-section gives 
A(x) u = - g A(x) m dx p 
BC 1 if '^zx 
Bz 
dy dz, 
which, on introducing a transport variable a defined by 
a = A(x) u , m 
becomes 
a - g A(x) K ax 
3F zx 
dz 
dy dz. 
S 
Eliminating C from (2 .21) and (2o37) gives 
f ^ . ^ , rr3F fi 
a ^ s ^ to ^ 
3a zx 
3z dy dz. 
By defining a surface area variable as in (2 .33) and using 
(2 .35) eq. (2 .38) becomes 
a = 8 
3F zx 
az dy dz. 
(2 .36) 
(2 .37) 
(2 .38) 
(2 .39) 
which represents the transport equation for one-dimensional 
floxiT with frictional stresses, neglecting the rotation of the 
earth. 
2.4 Combined equations using Î'Jave Height as the 
Variable 
The long wave two-dimensional flow equation 
in teras of the wave height is found by eliminating ^ and n 
from (2.24) and (2.25) giving 
rtf ̂  /U ^ ^ ex. 9Cxi '>! 
which, on seeking periodic oscillations defined by 
C » . (2.40) 
becomes 
For one-dimensional flow, neglecting 
frictional stresses, the wave height equation is found by 
eliminating u from (2.14) and (2.20) giving 
b(x) 
g ^^ 
which becomes, on seeking periodic oscillations as in (2.40), 
^ ^A(x) dx \ ^ ^ ifxj 
a2 b(x) c* = 0. (2.42) 
g 
In section 1, non-progressive standing waves 
(a particular case of edge waves) on the Continental shelf are 
examined where It ÍB assumed that the depth profile Is 
h « h(x). The eqxjations governing this motion are the two 
dimensional long wave equations on the rotating earth, (2.11) 
and (2.17). 
Edge waves for a shelf region are considered 
as standing waves normal to the coast line and propagating 
along the coast (parallel to Qy) with wave number m. These 
periodic motions satisfy an equation determined by (2.11) 
and (2.17) where 
V - . y (2.43) 
For h = h(x), non-progressive standing waves (i.e. maO) on 
the shelf must then satisfy the equation 
d (h + ^^ , 0. (2.44) 
dx^ dx' g ^ 
2.5 The Galerkin Method 
Several of the boundary value problems in 
this thesis will be solved as a sequence of approximations 
by the Galerkin method from the calculus of variations (Kantorovich 
and Krylov, 1958 : 258-262). It may be stated simply in the 
following way. To solve the eigen-value equation, which is 
linear in X, 
L(y,X) = 0 (2.^3) 
in [a^b], subject to given boundary conditions, an expansion 
is assumed 
y^ = a^ (j)̂  , n = 1, 2, 3, 
n 
where the (j) functions satisfy the boundary conditions, are 
continuous and complete, their required derivatives exist, 
and they satisfy orthogonality conditions 
-b 
L(y^, A) (}) dx = 0, j = 1,2,3,,.., n. (2.47) 
a 
(2.46) 
For a given n in y^ there are n orthogonality conditions and 
n arbitrary constants, a^, to be determined. Integration of 
the orthogonality conditions yield factors for the a^ of the 
form -y.. + X V . By defining matrices A = (vî  J » ̂  = ij ij J J 
the integrated system of condition equations becomes 
(-A + X B)x = 0, (2.48) 
where x is the column vector of the a^. 
Thus X are the eigen-values and x are the eigen-vectors of 
For successive values of n a sequence of approximations 
is determined for X and x. For n = 1 there is one eigen-
value and one eigen-vector For n = 2 there are 
two eigen-values, and and two eigen-vectors, 
and i.e. the and for n = 1 are re-
determined as Xy^^^ and in the second approximation 
where n = 2. The sequence of approximations 
. (1) . (2) , (3) , , Aĵ  , . . 
. (1) , (2) _ X > ' 
" (2.A9) 
and similarly for the x^, will converge to the true A^ and 
x^ of the boundary value problem, 
2.6 Application of the Galerkin Method 
The Galerkin method was applied to the one-
dtmensional flow equations (2.34) in an elongated basin of 
variable shape, subject to boundary conditions that the 
transport at the ends is zero (Clarke, 1968). If x^ is the 
total surface area variable then approximate solutions for the 
transport are developed in the form 
I a^ 
n 
(2.50) 
with the orthogonality conditions being 
rxp 
L(a^) <i). dx - 0, j = 1,2, n, (2.51) 
•'o ^ 
where the L is the operator of (2.34). 
Numerical illustrations were presented 
for basins of constant depth where the surface shape is (i) 
rectangular, (ii) elliptic, and (iii) spindle-shaped, the 
latter name used by Hidaka (1931) for a basin whose surface 
is formed by the intersection of two confocal parabolae. 
Excellent agreement with theoretical and previously determined 
results was found. 
The Galerkin method, with minor modifications 
as necessary, will be used to solve more general problems 
in the next three chapters. 
SEICHE MOTIONS FOR A BASIN OF VARIABLE PLAN AND DEPTH 
I'There two-dimensional flox^ is considered, 
the modes of oscillation of a fluid in a variable shaped basin 
can be obtained from the linearized equations of motion in 
terms of transport variables by an extension of Galerkin's 
method. The depth function is arbitrary^ but subject to the 
linear theory, and herein is chosen as a first degree function 
of the space variables and the basin plan is chosen rectangular 
as an illustration of the technique. An alternative approach 
is also given using wave height as the dependent variable. 
For two dimensional flow seiche motions have 
only been investigated in special cases. Examples of these 
may be found in Lamb (1932: 282-293), Jeffreys (1924), and Hidaka 
(1932e). Lamb discusses oscillations in rectangular aind circular 
basins of uniform depth and also oscillations in a circular 
basin in which the bottom profile is a paraboloid of revolution. 
Jeffreys examines oscillations in an elliptical basin of 
uniform depth and Hidaka treats the rectangular basin whose 
depth is constant parallel to one axis with the cross-section 
parallel to the other axis being parabolic. 
Initially, here, the one-dimensional flow 
problem outlined in section 2.5 will be extended to the two-
dimensional flow problem using transport variables. 
3.1 Approximate Solution using Transport Variables 
With the origin in the free undisturbed surface 
and axes Ox and Oy horizontal and Pz vertically upwards the 
equations of motion in terms of transport variables are (2.29), 
i . e . 
(3.1) 
and 3 >3a* . 33*v , a^ . . ^ 
Boundary conditions will be used as are appropriate to the 
surface shape. 
This condition is that the normal transport 
across a vertical boundary must be zero for all time, t . Thus 
i f ijj is the angle made by the tangent to the surface perimeter 
with Ox then 
a* sin - 3* cos « 0 (3.2) 
on the perimeter. 
The Galerkin method is now extended to solve 
the two-dimensional flow problem represented by eqs.(3.1) and 
(3 .2) . To solve the operator equations 
= 0 and L2(a$6*) = 0 
under appropriate boundary conditions, approximate solutions 
are developed in the form 
a^(x,y) = f(x,y)(aj^+a2X+a2y+a^x\a^xy+agy^+. ..4-a^x^y™) 
= I ^ u 
n 
3^(x ,y) = g (x ,y) (bj^+b2y+b^x+b^y^+b^xy+b^x^+.. 
= I bj 
^ J J 
where f (x ,y ) and g(x,y) are functions satisfying the boundary 
conditions and the <f> functions are continuous throughout the 
surface, with the orthogonality conditions 
/ 
(j)̂ ^ dS = 0, i = l , 2 , . . . , n , 
S 
dS = 0, j = l , 2 , . . . , n , 2 n n Z j 
(3.3) 
(3e4) 
where S i s the surface of the f luid . The operators Lĵ  and L^ are 
the operators in (3 .1) . 
2 Rectangular Plan 
For the rectangular basin choose 
f(x,y) = x(i,-x) 
g(x,y) = y(b-y), 
X7here i and b are the length and breadth of the surface, so 
that the (}) functions satisfy the boundary conditions (3 .2) . 
It is convenient to denote the approximations 
by N = 0 , 1 , 2 , . . . , where N is the degree of the polynomials 
which appear in (3.3) as the multipliers of f(x,y) and g(x,y). 
Then the functions approximating the transport are 
k-r r 
(3.5) 
n k 
a* = x(£-x) ^ J a X y 
k=0 r=0 ^ 
k-r r 
n k 
= y(b-y) I I b 
k«0 r=0 
(3.6) 
where n = ^k(k+l)+rfl. 
Mter substituting from (3 .6 ) , the orthogonality 
conditions (3.4) become 
n n 
+x(£-x)Ei:a (k-r) (k-r-Dx^"''" V+(b-2y)Ei:b^ry^"'^x^"^ 
n n 
+y (b-y)EZb^r(k-r)x y 
.x(£-x)x®"V^dS = 0, 
r-1 k-r-l., T-r 
}+x(£-x)—lla X y 
g n ^ 
t - 0 , 1 , . . . , s , (3.7) 
s = 0 , 1 , . . . , N , 
together with a similar system of equations for the operator L«. 
The co-^icients of the a^ and b^ are 
computed for each s and t value and are of the form -y^^ + » 
g2£2 
where X = — ^ , a^ in the one-dimensional treatment, section 2.5. 
8h 
Matrices A and B are defined by A = 
and B = ^^^ system of equations takes the form 
(A-XB)x = 0, where x is the column vector of the a^ and b^, 
and X and x are found as the eigen-values and eigen-vectors 
of 
For N = 0, a* and 3* are approximated by 
polynomials of degree 2. Then n = 1 and the matrices A and B 
are 2nd order. There are two eigen-values and their associated 
eigen-vector and each correspond^ to t|ie first approximation 
for the fundar̂ î t̂ tal modes of oscillation. The eigen-values 
determine X and hence a and the eigen-vectors determine a* 
and 3* to within an arbitrary multiplying factor. Wave 
height may then be calculated from (2.17) and associated 
formulae. 
f 
As N increases the number of modes approximated 
also increases and previous modes are determined to a higher 
precision. 
3.3 Numerical Illustration for Basins with Plane 
Sloping Bottoms 
A very simple basin shape, that of a square 
plan with constant depth, is chosen as a first illustration of 
the procedure. Due to the symmetry of the basin the polynomial 
approximations to the transports need to be increased by degree 
2 in order to find the eigen-values and eigen-vectors to a higher 
precision. The following table shows the approximations to the 
various modes as N increases and compares them with the analytic 
solution. Modes are represented by (p,q) where p is the number 
of nodal lines perpendicular to Ox and q the number perpendicular 
toOy . 
TABLE I 
Eigen-values X = ^^ for square basin of side 
constant depth. 
„ Mode M (1,0) (0,1) (2,0) (1,1) (0,2) (3,0) (2, 1) (1,2) (0,3) 
1 10 10 42 20 42 
2 9.8697 9.8697 42 20 42 102.13 52 52 102.13 
3 9.8697 9.8697 39.50 19.743 39.50 102.13 52 52 102.13 
Analytic 9.8696 9.8696 39.48 19.739 39.48 88.83 49. 35 49.35 88.83 
A - 9.7873 (> ) A - Q.8524 (c) A = 3^.00^ 
1 
+ 
1 
t 
1 
1 
1 
1 1 
^-n A = 19.722 (e) A = 3^.022 (f) A = ^8.67 
Nodal lines for approx. N 3 to oscillations in square basin 
having slopes 0.2 h^/e parallel to the axes Ox and Oy. 
FICUPE I 
A more Inteiresting example is now considered. 
The basin shape ha» a square plan and the depth is a linear function 
of X and y depicting equal gradients in the x and y directions. 
The gradient parallel to Ox and to Oy is 
0.2 h H , 
o 
where h^ is the depth at the centre of the basin and I is the 
length of the basin. 
Table II shows the eigen-values for this basin 
as N is increased from 1 to 3, 
TABLE II 
Eigen-values A. • for square basin of side 
i gh 
h ^ 
having slopes 0-2 parallel to the axes Ox and Oy. 
N ^ l 2 3 4 5 6 7 8 9 
1 9.9078 9.9738 42.026 20.066 42.026 
2 9.7886 9.8532 41.257 19.934 41.267 102.35 52.55 52.67 102.35 
3 9.7873 9.8524 39.009 19.722 39.022 98.67 51.57 52.15 99.05 
The eigen-vectors of B^^A determine the 
transports a* and 3*. From (2.17) wave heights, are calculated 
and have been plotted to illustrate the nodal lines. These appear 
for N » 3 in figure 1, and show that, in general, nodal lines are 
shifted towards the shallow end when compared with those in a basin 
of uniform depth. 
3,4 Approximate Solution using Wave Height as the 
Variable 
The equation of motion In terms of wave height 
Is given by (2.41), I.e., 
The boundary condition Is that the normal gradient of the wave 
height Is 
zero at the vertical boundary, that Is, If n denotes 
the normal direction to the boundary then 
1 ^ = 0 (3.9) 
on the boundary. 
The boundary condition makes It more 
difficult to find the (p functions that satisfy condition (3.9). 
However the following procedure suffices. Let i* be approximated 
by a polynomial 
C * f aj^ + a ^ x + a ^ y + a ^ x + ^ ^ y • • ' " ' " ^ n * ^ • 
(3.10) 
Imposing the boundary condition (3.9) will now force certain 
of the a^ to be inter-related and a set of independent (j> functions 
will be obtained. 
So that the results in section 3.3 may be 
used as a comparison the functions are found here for a square 
basin except that the origin is chosen in the centre for convenience. 
Assuming that the sides are 2 units in length the independent 
functions satisfying the boundary conditions are 
3 3 4 2 
1, X -3x; y -3y, x x y -3x y-3xy +9xy, y -2y , etc. 
(Since the sides are taken as 2 units in length the eigen-values 
obtained have been multiplied by 4 for direct comparison with 
the results in section 3.3 and appear in table III.) 
n 
-3x) - a^ 
3 iT 
(3.U) 
Thus = a^ -- a^Cx (y -3y)+ ... to n terms = I 
th 
is the n approximation to c*. Applying the orthogonality 
conditions, 
L(c^)(|).dS = 0, i = 1,2,..., n, (3.12) 
leads to terras of the form - y . + Xv.. as in section 3.2, and 
- ' - J 
again matrices A and B are defined with (A-XB)x = 0. 
Numerical Illustration for Section 3.4 and 
Comparison with Section 3.3 
Table III illustrates the eigen-values 
obtaifted from the successive approximations n = 3, n = 6, n = 10,... 
(corresponding to N = 1, N = 2, N = 3, ... used previously) for a 
square basin of constant depth. These values are compared with those 
in Table I. 
34. 
TABLE III 
Eigen-values X - — ^ for Square Basin of side 
c 
constant depth 
^Mode ^2,0) (1,1) (0,2) (3.0) (2,1) (1,2) (0,3) 
3 9.8824 9.8824 
6 9.8824 9.8824 40.000 19.7648 40.000 
10 9.8696 9.8696 40.000 19.7648 40.000 92.59 49.88 49.88 92.59 
15 9.8696 9.8696 39.480 19.7392 39.480 92.59 49.88 49.88 92.59 
Table I 9.8697 9.8697 39.50 19.743 39.50 102.13 52 52 102.13 
Analtyic 
Solution 9.8696 9.8696 39.478 19.7392 39.478 88.83 49.35 49.35 88.83 
Table IV shows the eigen-values obtained from 
(3.12) for the square basin with equal slopes in the x and y 
directions which was considered in section 3.3. 
TABLE IV 
Eigen-values A| = ^^ for square basin of side Z having 
h ^ c slopes 0.2 — parallel to the axes Ox and Oy. 
JL 
n 1 2 3 4 5 6 7 8 9 
6 1 9. 7989 9. 8636 40. 018 19. 829 40. 018 
10 2 9. 7872 9. 8524 39. 377 19. 733 39. 378 92. 74 50. 45 50. 41 92. 74 
15 3 9. 7870 9. 8524 38. 911 19o 713 38. 911 89. 97 49. 82 50. 17 89. 97 
Table II 9. 7873 9. 8524 39. 009 19. 722 39. 022 98. 67 51. 57 52. 15 99. 05 
0.245ii 
in 
CM 
in 
o 
(c) X - 38.911 (e) X • 38.911 
Alternative forms of figures 1(c) and 1(e) given by the 
degenerate eigen-values of the wave-height solution. 
FIGURE 2 
The Galerkin procedure yields successive 
approximations to the eigen-values. These converge from above 
unless numerical integration has been necessary or build-up 
of round-off errors is excessive. Thus it is assumed from 
Table IV that the eigen-values given by the wave-height equation 
are more accurate than those of Table II which are obtained from 
transport equations. This is not a criticism of the use of the 
transport equations but merely reflects the more fortunate 
choice of the (j) functions for approximating the solution of 
the wave-height equation. 
The eigen-vectors obtained from the two 
approaches to the solution bear consideration. For the eigen-
values ^^ the discrepancies in their values are 
very small and the corresponding eigen-vectors show close 
agreement in both nodal lines and wave-height except for the two 
pairs corresponding to A^ and X^. In the wave-height solution 
these two eigen-values are the same and are therefore degenerate 
giving an infinite set of possibilities for their eigen-vectors. 
A possible member of this set for each of X^ and X^ is illustrated 
in figure 2. For the eigen-values X^ and Xg the discrepancies 
are about 2%. Hence the nodal lines are in reasonable agreement 
but the wave heights agree only in that they show the same general 
trend. The remaining eigen-values, X^ and X^, differ markedly 
indicating that their values in Table II are too approximate and 
comparison of their nodal lines is Inappropriate. In this case 
the value 89.97 is also degenerate, which makes comparisons of 
nodal lines out of the question. 
As a further illustration modes uere determined 
for square basins with plane sloping bottoms in the x direction 
using wave height as the variable and the results are in Tables 
V and VI. In the following examples h^ denotes the depth at the 
origin which is in the centre of the basin and 2£ denotes the 
length of a side. 
TABLE V 
Eigen-values X^ = "ih"" ^^^ square basin of side 2£ 
^ h 
with bottom slope 0,1 — parallel to Ox. 
n ^ l 2 3 4 5 6 7 8 9 
3 2.4706 2.4706 
6 2.4659 2.4625 10.000 4.9493 10.005 
10 2.4631 2.4593 9.9686 4.9372 9.8732 23.184 12.483 12.597 23.148 
15 2.4631 2.4593 9.8486 4.9316 9.7508 23.042 12.434 12.534 22.569 
TABLE VI 
Eigen-values X^ = • ̂ ^ for square basin of side 11 
h 
with bottom slope 0-3 parallel to Ox. 
n ^ l 2 3 4 5 6 7 8 9 
3 2.4706 2.4706 
6 2.4286 2.3994 10.000 5.0124 10.042 
10 2.4281 2.3942 9.725 4.9070 9.116 23.462 12.578 13.354 23.148 
15 2.4280 2.3941 9.6688 4.9042 8.9604 22.254 12.151 12.887 20.211 
In the examples just cited it is possible to 
find approximate solutions in an easier manner since the depth is 
a function of one variable only. 
3.6 Depth Relation as a Function of One Variable only 
When the depth is given by 
h = h ( x ) , (3.13) 
eq.(3.8) can be simplified by separation of variables. 
Let 
C*(x,y) = X(x)Y(y), (3.14) 
then 
2 
K^Y « 0 (3.15) 
and 
( — - K h ) X = 0. (3.16) 
For the square basin of side 2i with the origin in the centre 
the boundary conditions are 
dY 
dy 
and 
= 0 at y = ± Jl (3.17) 
1 1 = 0 at X = ± il. (3.18) 
Using for an illustration the examples given at the end of 
the previous section then 
h = h ^ d + m f) 
for a basin whose bottom slope is'iilifin the x direction. Eq.(3.16) 
becomes 
(1 + m + H g _ ^2(1 + „ 0. (3.19) 
where 
sh, • 
The solution of (3.15) and (3.17) is 
Y = c cos + £), (3.20) 
where p - 0 , 1, 2, ..., 
c is a constant, and 
K = p (3.21) 
The analytic solution for (3.19) may be 
found when K = 0. By using the substitution 
2 1 ^ X u = 1 + m J 
the solution is 
X = A J (—/X(l4inx)) + B Y ( ^ A (1-tmx)) . o m — o m — 
Applying the boundary condition <3.18) gives 
X = A|Y^(Y)J^(^X(l+n^)J - , (3.22) 
where v = —VX(l-Hn) . m 
The period equation is 
<3.23) 
The values in Tables V and VI are in excess of the roots of (3.23) 
by 1 part in 10000, 5000, 100 for the first, second, and third 
harmonics respectively. 
For K 0 approximate solutions are obtained 
by a Galerkin procedure. 
n . n 
Let X X^ = ^ a, cos ^x+ii) = I a.cj)., (3.24) 
^ j=0 ^ j=0 ^ ^ 
which satisfies the boundary condition (3.18). The orthogonality 
condition requ:̂ .res 
{(1 + m7)x;; + + {X-K^(l4inf)}X„}()),dx = 0, >6 n £ n £ n J 
j = 0, 1, 2, n, (3.25) 
which r a p i d l y y i e l d s e i g e n - v a l u e s and e i g e n - v e c t o r s r e p r e s e n t i n g 
f r e q u e n c i e s and wave h e i g h t s of t h e normal modes of o s c i l l a t i o n 
f o r v a r i o u s s l o p e s m in t h i s b a s i n . Tab les VII and V I I I show 
^^ f o r m e q u a l t o 0 . 1 and 0 . 3 r e s p e c t i v e l y which may be compared 
w i t h T a b l e s V and VI. 
TABLE VII 
E i g e n - v a l u e s A^ = "gîT" squa re b a s i n of s i d e 2Z 
^ h Q 
w i t h bot tom s l o p e 0 . 1 — p a r a l l e l t o Ox. 
i l 2 3 4 5 6 7 8 9 lO 
X^ 2 .4631 2 .4593 9 .8468 4.9316 9.7440 22.153 12.311 12.410 21.645 39.38 
( 1 , 0 ) ( 0 , 1 ) ( 2 , 0 ) (1 ,1 ) ( 0 , 2 ) ( 3 , 0 ) ( 2 , 1 ) ( 1 , 2 ) ( 0 , 3 ) ( 4 , 0 ) 
20 i 11 12 13 14 15 16 17 18 19 
X^ 24 .62 19. 71 25.04 38.03 61.86 41. 85 32 .01 32 .08 42 .86 
( 3 , 1 ) (2 , 2) ( 1 ,3 ) (0 ,4 ) ( 5 ,0 ) (4 , 1) ( 3 ,2 ) ( 2 , 3 ) ( 1 , 4 ) 
TABLE VIII 
ib Eigen-values X. « — • for square basin of side 2i i gh
^ h 
with bottom slope 0.3 parallel to Ox. 
Í 1 2 3 4 5 6 7 8 9 10 
2.4280 2.3941 9.6605 4.9040 8.9254 21.724 12.095 12.789 19.008 38.71 
(1,0) (0,1) (2,0) (1,1) (0,2) (3,0) (2,1) (1,2) (0,3) (4,0) 
i 11 12 13 14 15 16 17 18 19 20 
X^ 24.16 19.49 26.03 32.67 63.19 41.16 31.49 32.19 43.53 -
(3,1) (2,2) (1,3) (0,4) (5,0) (4,1) (3,2) (2,3) (1,4) 
3.7 Comparison with One Dimensional Flow 
It should be noted that if the oscillations 
parallel to Cv in the basins of the previous section V7ere 
calculated as a one dimensional flow problem, in which the wave 
heights parallel to Ox are assumed constant, the analytic solutions 
would yield the same frequencies as in a basin of constant depth 
throughout. The (0,n) eigen values would be those shown in 
Table IX. 
This table also gives the % deviations from 
the correct values which were found in section 3.6 where the 
problem was treated as two dimensional flow. 
TABLE IX 
Elgen-values X^ = — — for the (0,n) modes in a square 
" c 
basin of side 2il, constant depth. 
n 1 2 3 4 
X^ 2.4674 9.8696 22.21 39.48 
errors 
in=0.1 0.3% 1.25% 2.5% 4% 
errors 
m'0.3 3% 10% 14% 17% 
3,8 Concluding Remarks 
Although only basin shapes of square plan 
were used as illustrations herein rectangular plans could just 
as easily be analysed. Variable depth was depicted through 
plane sloping bottoms and these in tu|:n could be suitably varied. 
In particular when the law of depth is a function of only one 
variable approximate solutions for the oscillations are 
generated very rapidly. 
For a plane sloping bottom of gradient 0.3 
an error of 17% has been introduced by the ID theory. 
Two different two-dimensional flow approaches, 
one using transport variables and the other using wave height 
as the dependent variable, have been compared. It wmld seem 
that from a numerical point of view the latter is to be preferred, 
certainly, either is preferred over a method using only one 
dimensional flow theory. 
For regions which are non-rectangular the f 
and g fianctions of (3.3) are the equations of the boundary surface. 
When using wave height as the variable a method analogous to that 
shoxTn in section 3.4 suffices. This has been applied to circular, 
elliptic, and spindle-shaped plans of constant depth and good 
agreement has been found with examples in the literature. 
4_o PERIODIC FORCING FUNCTION AT THE MOUTH OF AN ESTUARY 
The Galerkin method will be used to examine 
the response of the fluid in an estuary of variable cross-section 
to periodic fluctuations in wave height at the entrance. 
The usual method of determining the response 
of an estuary to a forced oscillation at its entrance is to 
solve the equations of motion by finite difference methods. 
Such an application was made by Grace (1936) who studied tides 
in the Bristol Channel including an allowance for friction 
dissipation. Rough approximations to a response are found by 
considering the breadth and depth as conforming to b(x) = 
and h(x) = h^x^^, where x is directed along the main axis, and 
then choosing m and n appropriately. The motion of such an 
estuary is given by (Coulson, 1949: 85) 
u s C = A x J ( r x ) cos at, 
where C is wave height, a is the frequency, and s = 1-m, 
2u = l-2m-n, q = |u/s|, r = a/s where a^ = a^gh^. 
For the application of the Galerkin method 
to the estuary response, wave height is taken as the dependent 
variable. It will be assumed that the dimensions of the estuary 
are such that transverse oscillations and the effects of the 
rotation of the earth may be neglected. 
The origin 0 is chosen in the free undisturbed 
surface at the inland end of the estuary with the x axis along 
its main axis and the z-axis vertically upwards. Suppose that 
thi2 fluid at the mouth of the estcary at x = £ is subject to a 
forcing function of frequency a given by 
C(£,t) = H cos at. (4.1) 
To determine the subsequent motion^inside the estuary let 
C(x,t) = c*(x) cos at, (4.2) 
then the equation to be satisfied by c* is (2.42), 
i.e., 
The boundary conditions that (4.3) must 
satisfy are 
C* = H, X = (4.4) 
and dc* _ 
dx 
where the second condition implies a vertical barrier at x = 0. 
^^ - 0, X = 0, (4.5) 
4.1 Approximate Solution of the Estuary Response 
In applying the Galerkin method as outline^ in 
section 2.5 it is helpfulto simplify the choosing of the functions 
= Z + (4.6) 
in (2.46) which must satisfy boundary conditions (4.4) and (4.5). 
A change of variable 
„ . f 
"F 
is made so that conditions (4.4) and (4.5) become 
Z(£) = 0, (4.7) 
and Z'(0) = 0. (4.8) 
Then a suitable choice of (¡) functions satisfying (4.7) and 
(4.8) is 
= - ( f f ) . (4.9) 
It is clear that the same result is achieved by assuming 
approximating functions for as 
2 
C* = K f 2 - + I a^d).. (4.10) 
n 
This particular choice of (j) functions is made by choosing even 
functions such that 
(j).(£) = 11, 
<j)̂ (-j6) = H, 
then it follows automatically that 
q ( o ) = 0. 
The orthogonality conditions (2.47) are now applied where the 
operator L is the operator of (4.3). The integrated system of 
condition equations is nearly in the form of (2.48) with 
2 
X = — where the components p.. and v., have H as a factor, 
8 ij ij 
except that there is now a term in each equation which is 
independent of the a^. If these n terms are transposed to the 
other side of the n equations and denoted by the column vector 
c then the system of equations could be represented as 
(-A + XB) X = c . (A.11) 
For a given a, and hence X, eq.(4.11) may be solved for 
X from which ç may be found using (4.2) and (4.10), except 
when X is an eigenvalue of Then eq.(4.11) has no finite 
solution and physically corresponds to a resonance frequency of 
the estuary. 
4,2 Numerical Discussion of Errors 
A simple estuary will now be discussed and 
it will be shox^m how the resonant frequencies can be used to give 
a qualitative measure of the errors in the approximate procedure. 
Consider an estuary where h is constant and 
b = b X. The solution of (4.3) is 
o 
C* = a J (ax), 
o 
where a^ = coefficient a is determined from condition 
(4.4) and ç* becomes 
J (ax) 
o 
Choosing n = 2 for the Galerkin method, the trial function from 
(4.9) and (4.10) is 
2 = H (4.13) 
The orthogonality conditions (2.47), after suitable scaling, 
lead to 
(-24 + 4A)a^ + (-8 + X)a2 = -24 - 2X, 
(-40 + 5X)a^ + (-40 + 2X)a2 = -40 - 5X, 
(4.14) 
which is the system (4.11). 
Approximations to resonance frequencies are 
found when the co-efficients of the a^ have a zero determinant. 
i.e. -24 + 4X 
-40 + 5X 
-8 + X 
-40 + 2X 
= 0 
giving X = 5.784 or 36.883, noting that the scaling in (4.14) 
was such as to omit the factor. Actually 
X = 5.784/^2 or 36.883/5,2. 
Thus a is given by 
2.4052 
(gh^) 
or 6.07 
(gh^) 
(4.15) 
(4.16) 
Comparison with the analytic solution (4.12) is achieved by 
solving J^(a£) = 0, the first two zeros of J^ being 2.4048 and 5.52. 
The figure 6.07 is a first approximation to 5-52, see (2.49), 
and, being the first, cannot be expected to be a good comparison. 
The figure 2.4052 is a second approximation to 2.4048 and 
comparison is already excellent. 
There are an infinite number of zeros of J^ 
and the Galerkin approximations xTith n = 2 has 3rielded only two 
of these. Clearly then this approximation has no hope of giving 
reasonable approximations to the response of the estuary for values 
of frequency ^ 
(gh„)̂  
a > > 6.07 — . 
A qualitative measure of the error in the response is also 
indicated for frequencies in the neighbourhood of the 6#07 co-
efficient. This figure compares with 5.52 as the analytic 
solution and has an error of 10%. Thus this order of error can 
be expected in the approximate response for frequencies near 
th 
this value. Usually the figure like 6.07 will be the r 
approximation to the ŝ ^ eigen-frequency and from the nature of 
the (r-1)^^, (r-2)̂ ,̂ ... approximations a realistic guess may th 
be given to the order of the error of the r approximation 
even though the analytic solution is unavailable. Conseouently, 
qualitative order of the error can be guessed for the approximate 
response of the estuary for frequencies in that neighbourhood. 
Looking further at the numerical illustration the approximate 
resonant frequency number 2.4052 is to be compared with the 
analytic solution for this number of 2,4048. This would 
indicate that excellent agreement is to be found for the 
approximate response of the estuary^for frequencies in the 
neighbourhood of 2.4052. Again, a sliding scale of qualitative 
orders of error can be inferred between frequency numbers of 
2.4052 and 6.07. For example consider a X value of 12 
corresponding to an imnosed frequency at the estuary mouth of 
(gh^)^ 
£ 
i.e., a = 3.464 
Observation of the order of errors at frequency numbers of 
2.4052 and 6.07 lead to a guessed order of error for this 
frequency number 3.464 of one to three percent, a qualitative 
order of the error. Substitution of X = 12 in (4.14) yields 
the approximate estuary response from (4.13) as 
CS = H 73 ̂  90 rx 29 29 
Examination of this solution for nodal lines, i.e., = 0 gives 
X = 0.702̂ 1 , 0 < X < 
t tk« rwooiel 0| tU estoary iS inr\jp/iec( , A^ctusil ei ty,vi-y w»O TVo't 
t>e twodclieil ty Kntfir tkeory a-̂  tke r^io.. i-At: (rc^ucMcy, 
Comparison with tha analytic solution is made by putting 
X = 12, i.e. ^ïp = 12, in (4.12). The actual nodal line is at 
X = 0.6945 Jl, 
which conforms broadly to the qualitative order of error 
determined above. 
Extension of this overall discussion to 
actual estuaries should now be straightforward. 
Concluding Remarks 
It should be observed that the wave height 
at X = 0 as determined by is always â Ĥ. Thus the amplification 
of the wave of frequency a outside the estuary as determined at 
the inland end is a^. This coefficient a^ will be different for 
each a value. In theory then it is possible to consider an input 
power spectrum, P^Ca) on the outside of the estuary and compute a 
re3ponc3 spectrum P^icr) at the inland end as K 
Pp(a) = Pj(a)a^(a), 
except for those a which are resonant frequencies. The resonant 
behaviour would not satisfy the linear theory used here. 
difference method to determine the 
response of an estuary to an applied input require^ a separate 
calculation for each a under consideration. In the Galerkin 
method it takes one application vxith an n value of the order of 
7 to determine a reasonably accurate approximate response of 
the estuary over a large band of input freauencies. 
It is also pointed out that in Clarke (1968) 
the treatment used a transport variable as the dependent variable 
whereas, for the estuary here, wave height is used as the 
dependent variable, and these approaches could be interchanged. 
In practical situations it is only required 
that long waves are almost perfectly reflected at the inland 
end of the estuary for the boundary condition (4.5) to apply 
and for this reason wave height is used as the dependent 
variable. In closed basins and lakes the end boundaries are 
of ten sufficiently shelving so that the condition (A.5) is 
not met. For this situation the transport equation is a better 
choice. 
¿2 INTERNAL SEICHE MOTIONS 
The modes of oscillation for the internal 
waves at a density discontinuity in a fluid are examined for a 
vatlable shaped basin. 
Internal oscillations in a basin are usually 
discussed by considering the basin shape to be rectangular in 
plan and the depth to be uniform. The early treatment (Lamb, 
1932) assumed two separate layers of fluid having uniform 
densities p^ and P2. Later developments have attempted to 
account for the variation in density throughout the depth 
and the motion of a stratified layer is summarized by Longuet-
Higgins in an Appendix to Mortimer (1952). 
The methods used to discuss surface seiches 
may probably be extended to treat the internal seiche. In 
particular the Galerkin method as applied to the surface seiche 
in Clarke (1968) can be so used. This application by Clarke 
is outlined in section 2.6. It consisted of transforming the 
linearized equations for one-dimensional flow by defining two 
new variables, horizontal transport and surface area, and 
then solving these for the modes of oscillation as a sequence of 
approximations using Galerkin's method. A similar sequence of 
approximations may be determined for internal oscillations if 
new variables, horizontal transport and surface area, are 
defined for each layer. The flow is considered to be one-
dimensional and transverse oscillations are neglected. The 
basin will be considered small enough so that the rotation of 
the earth can be neglected. 
1 Equations of Motion in an Elongated two-
layered Basin of Variable Shape 
Choose the origin 0 in the free undisturbed 
surface at one end of the lake so that Ox is parallel to the 
main axis of the lake and Oz vertically upward. The subscripts 
j = 1 and J = 2 will be used to denote variables in the upper 
and lower layers respectively. 
For long-waves in a one-layered basin the 
pressure equation is (2.8). In the two-layered basin this is 
replaced by 
and P2 = p . 
Thus the one-layered equation of motion (2.14) is replaced by 
° " 8 sT"' 
(5.1) 
(5.2) 
The one-layered equation of continuity (2,20) is replaced by 
3 
and 9 • 
• ^A2(X)U2} = - ¿2^2(x)-
(5.3) 
Transport variables are introduced as in (2.30) 
by 
and surface area variables as in (2.33) by 
1 ^ ^ 
bj(x) 3x " ^Xj ' 
Thus equations (5.2) and (5.3) become 
ft 1 
and 
and 
and 
^2 
aa 
3X 
3a, 
1 . . . . 
1 bj(x) 4 • 
-
where ^i^Xj) " A^(x)bj^(x) , 
•jiXj) = A2(x)b2 and fo(Xo) = A-(x)b,(x) . 
(5.4) 
(5.5) 
(5.6) 
(5.7) 
(5.8) 
Eliminating Cĵ  and between (5.6) and (5.7) yields 
= g f 
U 3 X 7 + 
and « g fJ (1 - — + 2 ^ 2\ p« axo — — 5 — P2 ^ 2 
(5.9) 
To find the frequencies, a, of normal modes of oscillation, put 
. i(at+e) a. « a* e (5.10) 
where 
a* = a*(x). 
giving for (5.9) the transport equations 
Pi 
The boundary conditions applicable to (5.11) are 
and 
= 0, Xi = Xi^ » 
a* » 0, X2 » X2ĵ  » 
where Xio is the total surface area of the fluid. 
and 
U 
is the total surface area of the interface 
(5.11) 
(5.12) 
steep for 
5.2 Solution for Modes in a Basin with Vertical 
Sides 
In many basins the sides are sufficiently 
X» say. 
^ 
Eqs.(5.11) are then 
+ + a* = 0 
and 
0. 
Eliminating a* from the equation (5.13) gives 
d 
d F P2 dX^ 
L(a*) = 0. i.e., 
The boundary condition for this equation is now 
a^ = 0, X =» 0, x^. 
The Galerkin method may now be applied 
to (5.14) and (5.15) as in section 2,5, except that, with 
(5.13) 
(5.15) 
8 
, eq. (5.14) is of the form L{a|, X, A^) = 0. 
A suitable choice of 4) functions is given 
by (2.50) i.e., 
= I (5.16) 
n 
The n orthogonality conditions (2.51) for the n^^ approximation, 
ot yield n equations in the n unknowns a^. The co-
efficients of the a^ in these equations are of the form 
+ v^^X + T.J. 
Define square matrices of order n by A = ® ~ ^^ij^' 
C = ^^^ integrated system of equations (2.51) is 
(AA2 + BX + C)x = 0. (5.17) 
The solutions X of (5.17) determine frequency and the x 
determine transport. It should be noted that the matrices are 
of order n, hence there will be 2n values of X and their corresponding 
X, of whi-ch n are associated with a surface seiche and n are 
assoc|.ated with an internal seiche. 
To find the X and x of (5.17) multiply (5.17) 
by A ^ so tl^at 
(1X2 + /^-Igx + a"^C)x = 0 
from which a matrix D may be defined as 
D 
0 -a'^C 
nxn 
1 -A^^B 
n 
(5.18) 
Thus D Is of order 2n and its elgen-values are the X of 
(5.17) for 
D-XI -XI -A-Jc I -a" B-XI 
-1 X-̂ I + A BX + A C 
Also if the eigen-vectors of D are denoted by (xĵ  x p ' 
then -XI 
I 
-A-^C 
-a"^b-xi 
- 0 , 
V > 
- I -Xxi -A Cx^ •= 0, i.e. 
and 
or, on eliminating x^^, 
x^ -a'^Bx^- XX^ = 0, 
(IX^ + a'^BX + A"^C)x2 » 0. 
Thus X2> which is the latter n components of the eigen-vector 
X of D, is the solution x of (5.17). 
5.3 Concluding Remarks 
For many lakes and basins the shelving of the 
boundary will be sufficiently steep to allow the sides to be taken 
as vertical and the theory here will apply. T̂ liere the lake is deep 
with shelving sides it is still possible to use this technique 
provided the transverse breadth at the interface can be taken 
as approximately proportional to the breadth at the surface. 
Thus the oscillations at an interface of depth h^ in a canal of 
parabolic section 
h = - 4 > 
h , 
could be treated with minor modification for then Xi«X2 = ) . 
o" I 
It is pointed out by Clarke (1968) that a seventh degree 
approximation to the transport is sufficient in most cases to give 
high accuracy to the approximate solutions for the first few modes 
of oscillation. Here, the same degree of approximation will give 
a matrix D of order 10 and the eigen-value and vector reduction 
of D will be considerably longer. Nevertheless an execution 
time of one or two minutes should be sufficient on a computer 
of the speed of a CDC 3200 or IBM 360. 
WIND STRESS OVER A VARIABLE SHAPED LAKE 
Chrystal (1906) has shown that both surface shape 
and depth profile are important in determining the free motion of 
a lake. Proudnan and Doodson (1924) considered the dynamic 
response of sea-level due to variations in both atmospheric 
pressure and wind stress but only for a basin of rectangular surface 
and uniform depth. 
It is now proposed to examine the dynamic 
response of a lake to wind stress where the lake has variable 
shape and profile by extending the method in section 2.5. The 
lake will be considered to be elongated so that transverse oscillations 
are negligible and the variation of surface shape and depth 
profile will conform to linear theory. The wind direction will 
be taken along the main axis of the lake, and initially bottom 
friction will be neglected. 
6 . I Solution of Wind Stress Equations without Bottom 
Friction 
Choose the origin Q at one end of the lake in 
the free undisturbed surface having axes Ox along the lake, Oy 
transverse, and Oz vertically upwards. If it is assumed that the 
shape of the lake and wave heights are such that long wave theory 
applies then the transport equation is (2.39), i.e.. 
,32a 1 '' 
« = 8 f ( X ) ^ - -
zx 
3z 
S 
dy dz. (6.1) 
Let F be the wind stress over the surface 
T-7 
width, b(x), of a transverse section, then the surface condition is 
^zx = - feo ' ^ = 
If bottom friction is considered to be zero then the bottom 
condition is 
F^^ = 0, z « - h ( x , y ) . (6.3) 
Integrating in (6.1) using conditions (6.2) and (6.3) gives 
a + . (6.4) 
To find the dynamic resT>onse of the lake to an 
applied wind stress F^ along the lake it is necessary to solve 
(6.4) subject to end conditions of no flow through the boundary. 
Before solving (6.4) it is instructive to point 
out how the simplified equation corresponding to (6.4) is solved 
when the lake has a rectangular surface and constant depth. 
This simplified equation is 
where u^ is the mean velocity over a transverse section. 
Solutions of (6.5) are found by assuming an x component variation 
in u and F of sin ^ ^ , where £ is the length of the lake, i.e., 
ill W A/ 
TT / ̂  \ J niTx 
u = U(t) sin m ^^ " Z ' 
Substitution in (6.5) yields 
U = U + ^ 
for u is 
m 
(6.6) 
phb ' 
which may be written as 
U + (6.7) 
where ^ . (6.8) 
Solutions for the Complementary Function of (6.7) are 
U = A sin (et+e). 
When the wind strec^ term in (6.7) is neglected the solution 
u = A ^ n sin(et+e), (6.9) 
m Z 
which is the solution for the velocity when the lake is under-
going free oscillations. 
Considering once again the solution of (6.A), 
the free oscillations in this lake satisfy 
a - g f ( x ) 4 f r - (6.10) 
This equation (6.10) has been solved as a sequence of 
approximations for the free oscillations in a lake of variable 
shape by Clarke (1968). Suppose that the solution obtained there 
is written in the form 
a = G (x) sin a t, (6.11) 
n n ' 
where G^ is replacing the a* of (2.34) and is the eigen-function 
corresponding to a^. Then the function G^(x) m\ist satisfy the 
equation 
a 2 
(6.12) 
with boundary conditions 
G (0) = G (xJ = 0. (6.13) 
n n )6 
This function G (x) is the x-component variation in the transport 
n 
when the lake is undergoing free oscillations of frequency a^, 
and corresponds to the function sin ^ ^ in the lake of rectangular 
surface and constant depth. 
It is now assumed in (6.4) that the x-component 
variation in a and F is the eigen function G (x), which satisfies 
w " 
(6.Í2) and (6.13). 
The lake is supposed initially at rest in its 
equilibrium position and at t « 0 a wind stress, F , having the 
Vr 
torn 
F = a G (x)o(t), t > 0, (6.14) 
w n n 
is applied. Suppose, further, that the dynamic response of 
the lake to the wind stress (6.14) is of the form 
a = T(t)G^(x), t > 0, (6.15) 
then (6.A) becomes 
¥ G^ - g f(x)T g" + ^ q, t > 0, 
n n p n 
i.e., on applying (6.12), 
¥ + a 2 T = — q, t > 0. (6.16) 
n P 
the solution of (6.16) may be found when q(t) has been defined, 
from which wave height may be determined by the continuity 
equation (2.21) with (2.36). 
6.2 Wind Stress Constant in Time 
If q(t) is constant then the solution of 
(6.16) is 
whence 
T « A sin(a t+e), t > 0, 
n 
a « A sln(a^t+e)G^(x), t > 0. (6.17) 
n n 
Initially a « 0 when t « 0 and hence e = 0. 
Wave height for t > 0 Is obtained as 
A 
C = — cos a^t + c, 
n 
where c Is a constant which can be found from the initial 
condition ^ = 0 when t = 0, then 
^ = . cos a^t)G^(x)-
n 
The constant A is found from (6.4) and (6.12) giving 
C = - - ^ ( 1 - cos a t)G!(x), t > 0. (6.18) 
OCT n n 
n 
A general ^jind stress which is constant in 
time will be expressible in the form F(x). Then the response 
is determined by expanding F(x) in terms of the eigen-functions, 
G (x), which form an orthogonal set on [0, Xpl» "̂̂ î h weight 
n ^ 
ftmction l/f(x). 
Suppose F(x) = a^G^(x) + a2G2(x)+ •••> (6.19) 
/ 
then the co-efficients a^ are given by 
X„F(X)G_(X) 
a « = 
" V n ( x ) ^ 
(6.20) 
In particular, if the wind stress Is uniform 
over the lake surface then the stress across a surface width 
is 
F(x) = k b(x). 
where k is a constant, remembering that F was the stress over a 
surface width, F(x) may be expanded in terms of the eigen-
functions as in(6.19)and convergence of the consequent series 
obtained for C in (6.18) will usually be rapid due to the factor 
1/a 
n 
6.3 Periodic Wind Stress 
Consider q(t) given by 
q(t) = sin 3t. 
The solution of (6.16) is then 
(6.21) 
a 6 g 
T = Asina t + Bcosa_t + — l ^ n'A* 
p a —p n 
n 
n n 
or 
a t 
T = Asina t + Bcosa t + sino^t, a 
n n Zp n n 
(6.22) 
Applying initial conditions T » 0 when t = 0 to (6.22) gives 
or B - 0, a^j-e. 
(6.23) 
Integration of (6.22) with respect to time and differentiation 
with respect to x gives wave height to an arbitrary constant, 
which may be found from the initial condition, C = 0 when t = 0. 
The constant A is again determined from (6.4) and (6.12). Thus 
the wave height is given by 
a 3 sina t . ^^ 
^ a " - > 0. 
n n 
or 
a sina t 
, = ^ ( t c o s a ^ t - - ^ ) G ; ( x ) . t > 0, 
^ n n 
(6.24) 
In general the wind stress is of the form 
F(x)sin 3t and the response is determined by an eigen-function 
expansion as in (6.19). 
6.4 Numerical Illustration 
A simple model of a lake is chosen to illustrate 
the method of the previous sections. It consists of a rectangular 
surface of length 2a and breadth b and a depth variation 
2 
The eigen-functions, G^, of the free oscillations are given by (6.12) 
which is now in the form 
(a^-x^) GJI 4- B^G^ = 0, 
2 2 
a a ^ 
where = , ^ . A solution for G of the form 
gh^ n 
1 2 3 4 5 
yields, on equating co-efficients of x . 
= 0 
-2b2 
4 
= 0 
-Sbj -2b3 +62b3 = 0 
-2b, -12b, = 0 
-2b3 -12b5 = 0 
and hence the G functions are 
n 
Gj = (a^-x^), 
G^ = (a -X )x, 
G^ = (a -X )(1 - p- X ) , 
/ 2 2 . , 7 3v 
G^ = (a -X ) (x - X ) , 
, 2 2. 14 2 ^ 21 4. 
G^ = (a -X ) (1 - X + pj- X ) , 
with corresponding values of of 2, 6, 12, 20, and 30 respectively. 
For a constant wind over the surface the T^nd 
stress is 
F = k, 
w 
where k is a constant. Hence it is sufficient to determine the 
^ igen'^xpansion 
1 = a^G^ + a2G2+ . . . + 
Graph of J a.G, 
FICrPE 3 
From (6,20) the co-efficients are 
3 1 
" 2 • 12- » 
a2 - 0, 
7 1 
' " 8 • ^ 
» 0, 
11 1 
' 41 • ̂  • 
5 
A sketch of ^ a.G is shown opposite in figure 3. 
i=l ^ ^ 
Substitution into (6.18) gives nave height as 
, 2x. I f 12x . 20x^. . 11 . 30x 140x^ _ 126x^v ka i3 
Pgb 1 [4 
1230^ a ^ a / 
In particular for the steady state solution 
i.e., when the oscillating terms have died out, C will be a 
maximum when x = a and is 
C « 2.23 ^^ P 8 \ ' 
The accuracy of this result is indicated by the decrease 1.5, 
0.583, 0.043, in the contributions from successive eigen solutions. 
6.5 Solution of Wind Stress Equations with 
Bottom Friction 
The dynamic response of sea-level to variations 
both in atmospheric pressure and wind stress, where bottom friction 
is taken into account, has been given by Proudman and Doodson 
(1924). The bottom friction condition was taken as u « 0, where 
u is the horizontal velocity of a fluid particle, and the sea was 
contained in a rectangular shaped region of constant depth. 
Here, bottom friction effects will be evaluated 
by assuming the friction jointly proportional to depth and mean 
horizontal velocity over a vertical column of the fluidt This 
form of the bottom friction will be shoxm to yield a mathematically 
tractable problem. 
Suppose then the bottom friction is given by 
= Kph u , (6.25) 15 m 
where K is a constant, then the bottom condition is 
F = -F^ when z = -h(x,y), (6.26) zx B 
which replaces condition (6.3) in section 6.1. Typical experimental 
* i€£ MEAPJ FLA/I> RA^SBOTTOM 
values of k would be of the order of 0 . 1 h 
Integration of (6 .1) using conditions (6 .2) and 
(6.26) with (6.25) gives 
•d = g f ( x ) | p + f - Ka. (6.27) 
As in section 6 .1 the x""Coinponent of F̂ ^ and 
a will be assumed to be which satisfies (6.12) and (6 .13) . 
Thus let 
a « T(t)G^(x) , (6.28) 
and F = a G (x)q(t) , (6.29) 
w n n 
and then eq , (6 ,27) becomes 
It a 
T + K T + a 2 T = — CI. (6.30) 
n p 
For a wind stress constant in time the solution 
of (6 .30) is 
T = A e "^^^^sin 6t G^(x), (6.31) 
where = a ^ - <2/4, and T = 0 initially, 
n 
Wave height is determined by continuity, and the 
constant A from (6.12) and (6.27) and thus 
^ _ jl - e 3t - e ' ^ ^ ' h i n 6t}G;(x) , (6.32) 
where the fluid has been considered to be at rest initially. 
In a similar manner to sections 6.2 and 6.3 
the solution can clearly be generalized to consider z 
(a) a general mnd stress constant in time, e.g. F(x), and 
(b) a general wind stress periodic in time, e.g. F(x)sin3t. 
Concluding Remarks 
To appreciate the relative importance of the 
discussion in this chapter it must be pointed out that the eigen-
functions belonging to the numerical examples in Clarke 
(1968), are generated by computers of the speed of the CDC 3200 
or the IBM 360 in about 15 seconds. The calculations involved in 
forming the generalized Fourier series (6.19) are considerably 
less than the calculations required to extract the eigen-values 
and their functions. Hence a computing time of under 30 seconds 
is sufficient to analyze the dynamic response of an elongated 
lake to an applied wind stress under the stated assumptions. 
The effect of the form of bottom friction used 
in section 6.4 is to introduce an exponential decay factor on 
the seiching terms in the solution for Cs coupled with a modification 
in the frequency of frictionless free oscillations. These 
frequencies have been reduced from a^ to { o ^ - k̂ /4)'̂ . As 
a first approximation to friction effects the assumption that 
the friction is jointly proportional to depth and mean horizontal 
velocity is not unreasonable for the seiching terms of the 
solution. However for the steady state terms of (6.32) the assumption 
is unreasonable in that the mean velocity is then zero, eliminating 
the friction term used here, although circulation is taking place 
in the lake. These observations suggest that as a next step it 
would be necessary to examine bottom friction effects in the 
steady state. 
7. STANDING WAVES ON THE CONTINENTAL SHELF 
A set of equations defining the frequency of non-
progressive waves on the Continental shelf is developed for a 
representative collection of shelf profiles. A numerical 
discussion illustrates the severe errors introduced by crude 
approximations to the profile both at the coast line and at the 
shelf cut-off region. 
A survey of the literature for standing waves 
on the Continental shelf shows that only a brief treatment has been 
given. Most of the articles prior to 1932 are discussed in Lamb 
and treat plane sloping profiles. Edge waves along the shelf 
were also treated for the same profiles. Later on, Hidaka (1935) 
considered standing waves on a shelf profile defined by 
h = h (1 + 
o a^ 
The solution for this profile being in terms of Matthieu functions 
prompted Olson (1952) to consider standing waves on a semi-infinite 
sheet defined by h = h^(l + f ) . 
o a 
In these examples no cut-off in the shelf region was introduced. 
The imDortance of cut-off will be shown in section 7.4. 
Ursell (1952) produced the forerunner of several 
papers on edge waves^ i.e. standing waves normal to the coast which 
propagate along the coast. His work was confined to a plane 
shelving bottom in the form of a semi-infinite sheet. Reid (1958) 
considered the effects of the rotating earth on these edge waves 
while Johns (1965) extended the results to steeply sloping shelves. 
Ball (1967) discussed edge waves for a shelf 
whose profile was exponential concave up on a rotating earth. He 
obtained the equations for no propagation along the shoreline for 
this particular profile. Mysak (1967) showed the effects of a 
shelf cut-off region where theoretical velocities of waves up 
the coast were changed by 30%. Buchwald and Adams (1968) 
examined horizontally non-divergent edge waves, whose frequencies 
are much less than the Coriolis frequency, for an exponential shelf 
profile to the ocean floor 
/h e ^ , 0 < x < S, 
a. 
o 
A perusal of actual shelf profiles off the 
Australian coast, as illustrated by Von der Borch (1967), is 
instructive and led to the present work. The numerical discussion 
in section 7.4 shows that an improved selection of profile models. 
with cut-off, is a necessity. 
The solutions for profiles of plane slopes, 
exponential concave down, and exponential concave up, where due 
regard is given to the depth at the coast line and the presence 
of a shelf cut-off point, are treated in subsequent sections. 
For a depth profile h = h(x), non-progressive 
standing waves on the Continental shelf were shown in section 2.4 
to satisfy eq.(2.44), i.e.. 
The boundary conditions applicable to (7.1) will be taken as 
0, X = 0, (7.2) 
where there exists a vertical barrier at the coast line, 
X = 0, or as 
C* finite, X = 0, (7.3) 
over a sloping boundary at the coast line. 
At an infinite distance from the coast there are two possible 
conditions. If the oscillations exist in their omi right then 
0 as X (7o4) 
This is the so called trapped mode. On the other hand if 
shelf oscillations are maintained by a wave form in the deep 
ocean then 
= a cos(px + e) in the open ocean. (7.5) 
This is the so called leaky mode. 
7.1 Depth Profile of Constant Slope 
For this profile two situations are considered. 
The first one has zero depth at the coast line and the sloping 
boundary condition (7.3) applies. The second one has a depth h^, 
non-zero, at the coast line and condition (7.2) applies. 
Sloping Boundary at the Coast Line 
The region is divided into two parts, the 
first being the shelf region where 
h = sx , 0 < X < (7.6) 
and the second being the open ocean where 
h = H(> s£), X > I. (7.7) 
In the open ocean eq.(7.1) becomes 
dx2 gH 
which has solutions appropriate to conditions (7.5) and (7.4) 
& + = (7.8) 
of the foim 
(•a cos(px + e), a > f. 
C* = ^ A^e"^'', a < f, (7.9) 
where p' and y"̂  = 
gH - gH 
In the shelf region eq. (7.1) becomes 
dx gs 
r,* = 0, (7.10) 
which has solutions appropriate to condition (7.3) of the form 
where v^ l H 
gs 
and K^ = 
¿-0.2 
gs 
A^ J^(2vx'^), a > f, 
A3 a < f, 
2 
(7.11) 
Across the discontinuity at x = wave height, 
C*, and horizontal transport, hu*, must remain continuous. 
Hence, for a < f. 
and 
A . I = A.e"^^ , 
J o i 
A3 = -H viA^e"^^ 
(7.12) 
Dividing the eqs. in (7.12) gives 
I (2K£^) sk£^ 
o 
which has no solution since 2k£ > 0, i.e., a non-progressive 
standing wave solution is not possible with this profile when 
a < f. For a > f. 
A^ = a cos(p£+e) 
and A ^ svi"'' J j ( 2 v O = H a p s±n(pi+e) 
Eliminating e in (7.13) gives 
(7.13) 
A, 
(7.14) 
which determines the ratio of the amplitude of the wave at 
ths shore line to the amplitude in the open ocean in terms of 
V, i.e., in terms of frequency, and the shelf parameters. 
7.1.2. Vertical Barrier at the Coast Line 
The shelf region is now defined by 
h = h -!- sx, 0 < X < 
o * 
Eq. (7.1) becomes 
The transformation 
h + sx = X 
o 
gives the solution of (7.16) as 
A3 Iq(kiX) + B3 K^(k^X), a < f. 
where , 2 4(a^-f^) , V = ^ and K 
1 gs^ 
2 - 4(f -g^) 
gs-
(7.15) 
(7.16) 
(7.17) 
(7.18) 
At X = 0 condition (7.2) applies and the wave height may be 
expressed as 
Y1 (V ̂ h^ )̂ J^ (V ̂  ( h ^ + s x ) - J ̂  (V ̂ h^ )̂ Y^ (V ̂  (h^+sx) S } , 
a > f , 
1 Al{K,(K,h S i (K,(h 4-sx)S-.I,(K,h (K,(h 4-sx)'^)}, ^ J i i o o i o l i o o i o 
a < f . (7.19) 
Let the depth at x = £ be h, = h + s£, 1 o (7.20) 
then the continuity requirements at x = il gives f i rs t ly , for a < f . 
and secondly, for a > f , after eliminating e, 
H (7.21) 
A! .h, 
-^Yj^(a)Jj(6)-J^(a)Y^(3)} +{Y^(a) (a)Y^(B) } 
21 
(7.22) 
h ^ where a = v,h and 6 = v,h, i o i i 
The le f t hand side (7.2 1) is always positive 
and so the equation has no solution, i . e . , a non-progressive 
standing wave solution is not possible for this profile when a < f . 
Eq.(7.22) gives the ratio of amplitudes of waves at the shoreline 
to those in the open ocean in terms of v̂^ and hence frequency for 
a > f . 
7.2 Exponential Prof i le Concave down 
A general exponential pro f i l e is given by the 
form 
h 4- 0 < X < 
o 1 (7.23) 
H( = h X > o i 
V 
The open ocean solution is the same as before. In the shelf 
region eq. (7 .1) becomes 
+ ala^e^ + ^ ^ C* = 0. (7.24) 
The substitution 
e ^ = X"^ (7.25) 
transforms (7.24) into 
2 
+ + V^^C* = 0, (7.26) 
a^-f^ where v«^ = ^ n and a > f . 2 ga-̂  
Assume a power series solution for (7.26) of 
the form 
CO 
c* = x"" y a X^. (7.27) 
n=0 
r—1 The co - e f f i c i en t of X must vanish yielding 
r ( r - l ) = 0. (7.28) 
For n ^ 0 the recurrence relation is 
1 O ¿^ (n 29) 
^n+1 " \ h^(r+n)(r+n+l) ' ^ ' ' 
The Ratio Test applied to the series requires 
< 1 for convergence ^ ° X 
i . e . X < 
1 o 
which is satisfied for h, > h . 
1 o 
From (7.28) r = 0 or 1. Substitution of r = 0 into (7.29) makes 
the co-efficients indeterminate whereas when r = 1 the relation is 
2 
(h,-h^)(n+l)^ - V 2 
1 ^ z 
1 
n+1 n h,(n+l)(n+2) 
h -h 
= A^ X F(1 + Y, 1 - Y; 2; X ) , (7 .31) 
1 
Thus wave height is given by 
S.  - 15 ^ 
where Y^(hj^-h^) = v^^ . 
7 .2 .1 . Semi-infinite Shelf Region (a > f ) . 
In the first instance consider Then 
condition (7 .4) is satisfied by (7 .31) , for as x X 0 and 
thus c* 0. Also condition (7.2) requires 
h -h 
F(1 + Y. 1 - Y; = (7.32) 
which determines frequency when a > f. Also of interest is the 
limiting case h^ eq.(7.32) becomes 
J = 0. (7.33) 
o 2 1 
Denoting the zero of J^ by s^, the frequency of standing 
waves on the semi-infinite shelf with h =h, in (7.23) is given by 
o i 
a2 = f2 s.^g a^h^, a > f. (7.34) 
l>ihen h > h, the recurrence relation cannot be 
o 1 
used in the form (7.29) and to be convergent must now become 
" "^n hj^(n+l)(n+2) ' "" ̂  ^ 
and wave height is given by 
= A , X I X)-, (7.35) 
n=u i 
where 
The condition (7.2) requires 
1 7 4 ^ ( 1 (2 - ^ 1 ^ ) - = (7.36) 
which determines frequency. 
7,2.2. Semi-infinite Shelf Rep.ion (a < f ) . 
Following a similar procedure to the case 
of a > f the obvious results follow: 
= 0, h^ > h^, (7.37) 
.2 2 
where 3 ^(h.-h ) = k.^ and = . 
i l o 2 2 ga^ 
also 
h -h 
F(1 + 62, 1 - ^2; 1; = 0» > hj, (7.38) 
where " 
and 
= 0 . h^ = h^, 
which has no solution. 
7.2.3. Truncated Shelf Region 
Now consider the shelf region terminating 
at X = £ as defined in (7.23). The series (7.31) is insufficient 
to describe and a second series solution is required. Instead 
of generating the second series by Frobenius' method the solutions 
for the particular cases 
1- u ax 
h = h ^ e , 
and h = h (e^* - 1) , 
o 
will be discussed. 
7.2.3.1. Sloping Boundary at the Coast Line 
I^t the depth profile be 
h = 
h (e^^ - 1), 0 < X < £ 
o 
H(= - D ) , X > £ . 
(7.39) 
In the shelf region eq.(7.1) becomes 
(7.40) 
^ o 
which, on making the substitution 
e ^ = X-\ 
transforms into a hypergeometric equation with general solution 
= AgXF(v^+l, -v^+1; 2; X)+BgF(v^,-v^; 1; 1-X), (7.41) 
provided v^ is not an integer, where v^^ = > > f. 
When a < f the series for C* diverges and no solution is possible. 
At X = 0, X = 1 and 1;1-X) is finite. 
However F(v^+1, -v^+1; 2; 1) is divergent for ..., which 
requires Ag = 0 to satisfy condition (7.3). If v^=l,2,3,... the 
series terminates but then XF(v^+l,-v^+l; 2;X) is a multiple of 
F(v^, 1; 1-X) and again A^ may be taken as zero, and a more 
general solution is not required as all the boundary conditions 
will be satisfied by the B term. 
8 
In the non-truncated p r o f i l e , as x «>, 
C sin 7T V, 
X 0, C* ^ Bg 
condition at in f in i ty then gives 
TTV . The boundary 
a2 = f2 + n^a^gh^, 
where n i s an integer. 
For the truncated pro f i l e (7.39) , the wave 
height and horizontal transport must be continuous over x = 
which leads to the amplitude ratio equation, a > f . 
(7.42) 
B 8 
a 
v.^Hh « H 9 H 
^ ^ F ^ ( v , + l .-v^+1; 2; (v^ . -v^; 1 
• o o o ^ 
(7.43) 
7.2.3.2. Vertical Barrier at the Coast Line 
Let the depth pro f i l e be 
h e^*, 0 < X < i o 
H(=h e^^), X > £ o ^ 
On the shelf region eq. (7.1) becomes 
® ^ ^ ^ ^ dx ^ gh^ ^ 
ax -2 The substitutions e = X , 
- 0, 
(7.44) 
(7.45) 
(7.46) 
and XZ = (7.47) 
t r ans fo rm (7.45) i n t o a f i r s t order Bessel equat ion and has 
s o l u t i o n 
Z = i^^J^(v^X) + B^Y^(v3X), 
i . e . , + }, (7.48) 
2 
where 4(a - f ) ^^^ a > f. 
^ o 
For the non- t runca ted she l f region B i s zero 
J 
and the f r equenc i e s are given by (7 .34 ) . For the t runca ted region 
c o n t i n u i t y i s r equ i red f o r wave he igh t and h o r i z o n t a l t r a n s p o r t 
a c r o s s x = il. Following the e a r l i e r procedure f o r t h i s s t e p and 
e l i m i n a t i n g e gives the amplitude r a t i o equat ion 
S H 
a h o 
where 6 = e ^ and a > f . ^ ^ 
(7.49) 
T h e corresponding procedure f o r a < f y i e l d s a frequency equat ion 
which has no r e a l r o o t s . 
7 .3 Exponent ia l P ro f i l e> Concave up 
Let the p r o f i l e be given by 
h = H(1 - e ' ^ ^ ) , X > £. (7.50) 
E q . ( 7 . 1 ) i s then 
2 2 - a X x d ^ ^ - a x dc* cy^-f ^^ _ n ( l _ e ) - 5 p - + a e ^ + 5 * = 0. (7 .51) 
The substitution, e " ^ = X, transforms (7.51) into 
which has the general solution 
C'^ = + B ^'.-Zk ^-¥1 ;X) ( 7 . 5 3 ) 
2 
where k^ = ""gHa?"' provided k^ is not an integer. 
No solution is possible for a > f. 
If £ is zero then C* is required to be finite 
at X = 0 . Both series in (7.53) are divergent at x = 0 unless A^^ 
is taken as zero and k^ is an integer. In this case c* is non-zero 
at infinity thus violating the boundary condition there and hence no 
solution is possible. 
When i is non-zero the condition at infinity 
requires 
and wave height is given by 
= (7 .54) 
There is now a vertical barrier at x = £ which requires 
0 2 4 6 8 10 C.P.S.xlO^ 
Figure 4. Amplification of ocean waves at Sydney 
Plane profile. -H 
a 
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Figure 5. Amplification of ocean waves at Fydnev, 
Fxponential profile. 
(1-K,) (1+2K.) 
I.e.. ^ ^ = (7.55) 
(1+K-) (1-2K.) 
which determines frequency. 
7.4 Numerical Discussion 
A typical section of the Continental shelf 
near Sydney is illustrated in Buchwald and Adams (1968). The 
first 32 Km. from shore is approximately of constant slope and 
it has a vertical barrier at the coast. Thus this portion could 
be approximated by the profile 
h = h + SX, 0 < X < o ' 
Defining hĵ  as h^ + s£ and assuming a vertical drop at x = £ 
to the ocean bottom of depth H, the shelf parameters are 
h = 70m., h, - 200m., H = 5Km., À = 32Km. o 1 
From (7.22) the ratio of amplitudes of the waves at the coast liî B 
to those in the open ocean may be found for any frequency, a > f. 
These are illustrated in Figure 4. Peaks of maximum resonance 
are found at periods 51, 19, 11, ... minutes and amplification 
factors corresponding to ttese are 22, 77, 112. 
In reality there is no sharp cut-off at il = 32fâi, 
in the above profile and a better approximation taking in the 
gradual plunge to the ocean bottom is an exponential curve 
h = h e^*, 0 < X < il, o 
and the shelf parameters are now 
h = 70m., H = 5Km., £ = 80Km. o ' 
Eq.(7.49) determines the amplification factor for wave amplitudes 
which are shown in Figure 5. Maximum resonance is found at 
periods 41, 18, 11,... minutes with amplification factors 20,34,47,.. 
respectively. The change in the first period for maximum resonance 
by 20% and a change in amplification factor for the second maximum 
of more than 100% indicates the shortcomings of poor approximations 
to the cut -off region. 
Some 50 miles south of Sydney at Port Kembla the 
shelf has much the same general shape except for the vertical 
barrier at the coast. The gentle slope of the first 32 Km. could 
be approximated by the profile 
h = sx, 0 < X < £. 
The parameters are now 
h^ = 200m., H = 5Km., i = 32Km., 
which give from (7.14) maximum resonance peaks at 63, 28, 18,... 
minutes with amplification ratios of 10, 15, 18,... respectively. 
20 . 
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Figure 6. Amplification of ocean vaves at Port Kembla, 
Plane profile. 
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Figure 7, Amplification of ocean waves at Port Kembla, 
Exponential profile. 
Comparison with Sydney data for the constant slope profile show 
variations in maximiam resonance periods of more than 20%, and 
also extremely different amplitude ratios, due to the lack of 
vertical barrier at the coast. Figure 6 shows the amplification 
ratios for Port Kembla in this case. 
As for Sydney, the sharp cut-off for the 
shelf near Port Kembla is non-existent and a better approximation 
to the profile would be 
h 0 < X < i?., 
where the data correspond' to that of Sydney. Eq.(7.43) gives 
the amplification ratios and the details are shown in Figure 7. 
Maximum resonance peaks occur at 71, 35, 2 3 , . . . minutes with ratios 
©f 10, 11, 1 2 , . . . respectively. The lack of the vertical barrier 
has increased maximum resonance periods by 75% with, again, a 
slgtiificant reduction in amplification ratios. 
7.5 Concluding Remarks 
A number of equations defining amplification 
ratios of the amplitude of waves at the shore line to those in the 
open ocean for a given frequency of a non-progressive standing wave 
have been established for a typical range of profiles of the Continental 
shelfr Further generalization of these to take in profiles like 
those depicted la Von der Borch (1967) is straightforward. 
It is to be noted that the solutions obtained here are a subset 
of the larger class of solutions where propagation of the standing 
wave along the shelf is considered. The severe effects of inadequate 
modelling of the deep ocean region and of the depth at the shore 
line have been highlighted by reference to shelf profiles at 
Sydney and Port Kembla and clearly such modelling requires considerable 
care. 
GENERAL CONCLUSIONS 
The methods in this thesis allow computations 
to be made for the examination of oscillations in a body of fluid 
of any generalized shape, subject to linear theory. Within the 
chapters specific models have been treated numerically both to 
illustrate the power of the approach and the need for better 
,shape modelling. 
In the early chapters the Galerkin method has 
been shovm as a powerful numerical technique for treating arbitrarily 
shaped regions. It has been applied to txTO dimensional flow 
problems, estuary oscillations, and internal seiches. Previously 
these problems would have been treated numerically using a finite 
difference scheme or relaxation techniques. In these schemes 
size of the computer available would limit the numerical approaches, 
and further, the procedure usually has to be repeated for different 
frequencies. For the Galerkin method, also limited by the size of 
the computer but still not too severely for large scale problems, 
the numerical procedure requires no repetition for different 
frequencies. 
The ideas developed in these early chapters have 
been used in a later chapter to obtain a generalized Fourier 
expansion of the transport variable in a lake subject to an 
applied wind stress. It is to be noted that the wind stress is 
allowed to be variable both in position and in time except that 
it is required to be constant at any instant across a transverse 
section in the surface. It is implied that the Galerkin method 
should be used to find the for the lake, but it is possible 
that these functions can be found analytically by judicious 
modelling of the lake profile. 
With regard to the Continental shelf it has 
been shown that more accurate modelling of the shelf profile is 
required if the solutions obtained from theoretical investigations 
are to have meaning when compared with experimental results. 
The most outstanding conclusions obtained are 
(i) the effect of two dimensional flow theory on the 
motion of fluids in regions of variable depth has been contrasted 
with one dimensional flox<7 theory and the inadequacies in the latter 
are noted; 
(ii) the analysis of wipd stress on a lake of variable shape 
using a generalized Fourier expansion for the transport may now 
be determined analytically for certain discrete profiles; 
(iii) the effect of variations in the shore-line profile and 
the cut-off region for a Continental shelf has been shovm to cause 
considerable deviation in maximum resonance periods and amplification 
ratios of ocean waves at the coast line, and hence careful modelling 
in these areas is required. 
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